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Abstract
In N=2 ungauged supergravity we have found the most general double-
extreme dyonic black holes with arbitrary number nv of constant vector
multiplets and nh of constant hypermultiplets. They are double-extreme:
1) supersymmetric with coinciding horizons, 2) the mass for a given set of
quantized charges is extremal. The spacetime is of the Reissner-Nordstro¨m
form and the vector multiplet moduli depend on dyon charges.
As an example we display nv complex moduli as functions of 2(nv + 1)
electric and magnetic charges in a model related to a classical Calabi-Yau
moduli space. A specific case includes the complex S, T, U moduli depending
on 4 electric and 4 magnetic charges of 4 U(1) gauge groups.
∗kallosh@renata.stanford.edu
†shmakova@slac.stanford.edu
‡wkwong@slac.stanford.edu
1
I. INTRODUCTION
Supersymmetric black holes in most general version of ungauged N=2 supergravity inter-
acting with arbitrary number nv of vector multiplets and nh of hypermultiplets have various
properties which can be studied in a relatively easy way. This happens due to the existence
of the well developed theory of local N=2 supersymmetry based on special and quaternionic
geometry, see for example [1,2] and references therein.
There is a long standing problem to find explicitly the most general family of supersym-
metric black holes. In this paper we will find all supersymmetric black holes solutions of
N=2 theory for which moduli are frozen and do not change their values all the way from
the horizon to infinity. As we will see these are highly non-trivial solutions since each of the
(nv + 1) U(1) gauge group will be allowed to carry arbitrary electric and magnetic charges
(pΛ, qΛ), Λ = 0, . . . nv, which will fix the complex nv moduli (z
i, z¯i), i = 1, . . . nv of vector
multiplets.
The most important properties of generic supersymmetric regular black holes with non-
constant moduli in N=2 theory have been established recently: moduli of vector multiplets
near the horizon become functions of charges only [3]. In fact it has been found that near
the horizon supersymmetric black holes choose the size of the Bertotti-Robinson throat to
be related to the extremal value of the central charge [4].
M2BR(p, q) =
(
|Z|2
)
∂|Z(z,z¯,(p,q))|
∂z
=0
. (1)
In this paper we will introduce the concept of a double-extreme black hole. The term
“non-extreme black hole” is usually applied to a charged black hole which in general has
two horizons. When they coincide the black hole is called “extreme”. Typically extreme
black holes have some unbroken supersymmetry. When they solve equations of motion of
supergravities the mass of the extreme black hole depends on moduli as well as on quantized
charges. When the mass is extremized in the moduli space at fixed charges, moduli become
functions of charges. We define double-extreme black holes as extreme, supersymmetric black
holes with the extremal value of the ADM mass equal to the Bertotti-Robinson mass.
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M2ADM =M
2
BR(p, q) . (2)
Double-extreme black holes have constant moduli both for vector multiplets as well as for
hypermultiplets but unconstrained electric and magnetic charges (pΛ, qΛ) in each of nv + 1
gauge group. The attractor diagram in Fig.1 of ref. [4] shows the double-extreme black holes
on the horizontal line with the zero slope.
The relation between charges and moduli for supersymmetric black holes near the horizon
was established in the following form [4]

 pΛ
qΛ

 = Re

 2iZ¯LΛ
2iZ¯MΛ

 , (3)
where Z is the central charge depending on moduli and on conserved charges (pΛ, qΛ) and
(LΛ,MΛ) are covariantly holomorphic sections depending on moduli. This is a highly non-
trivial constraint between moduli and charges. Only few solutions to this constraint are
known [4].
In this paper we will show how to solve this constraint and find the double-extreme black
holes moduli (or the near horizon values of moduli of extreme black holes with non-constant
moduli) in case of two models. The first one has the prepotential F = −iX0X1 and there
is also a symplectic transformation of this model to the one without the prepotential. The
second one is the model known as ST[2,n] manifold and has no prepotential. Upon symplectic
transformation this model is related to some classical Calabi-Yau moduli space described by
the prepotential of the form F = dABC
XAXBXC
X0
. We will find the fixed values of nv = (n+1)
complex moduli as the function of 2(nv+1) = 2(n+2) electric and magnetic charges in this
model. In the race for most general black hole solutions this seems at the moment to be the
most general available case of relations between charges, space-time geometry and moduli.
We will find out also that the expressions for the moduli in terms of charges are surprisingly
elegant. Our example for the ST[2,2] case is related via symplectic transformation to the
so-called STU model. Thus we will get the fixed values of these 3 complex moduli as the
functions of 4 electric and 4 magnetic charges.
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The paper is organized as follows. In Section 2 we look for the solution of field equations
for the double-extreme black holes in theories with arbitrary prepotentials or symplectic
sections. The most important part of this which differs vastly from the standard routine
of solving field equations for black holes is the procedure of solving equations for constant
moduli. It is this place where the properties of special geometry and holomorphic properties
are of crucial importance and supply the solutions. Section 3 presents double-extreme black
holes and frozen moduli as function of charges for the theory with the prepotential F =
−iX0X1 describing N=2 supergravity interacting with one vector multiplet corresponding
to SO(4) version of N=4 supergravity. We also get the black holes and frozen moduli
for the symplectic transformation of this model which is related to SU(4) version of N=4
supergravity and as N=2 theory has no prepotential. Finally Section 4 deals with ST[2,n]
manifold which is an SU(1,1)
U(1)
× SO(2,n)
SO(2)×SO(n)
symmetric manifold. This N=2 theory has no
prepotential. This theory is related via symplectic transformation to the one with the
cubic holomorphic prepotential associated with particular Calabi-Yau moduli space. We
will solve the moduli stabilization equations (3) and express vector multiplet moduli in
terms of double-extreme dyon charges (p, q). In Discussion we summarize the new results
and speculate about the possibility to construct global SUSY theories with stabilization of
moduli due to the presence of F-I terms or hypermultiplet charges in the action.
II. N=2 DOUBLE-EXTREME BLACK HOLES
We will present here the minimal information on N=2 ungauged supergravity which will
be necessary to explain the action which is our starting point for the derivation of N=2 black
holes.
Ungauged d=4 , N=2 supergravity theory includes the following multiplets:
1. gravitational multiplet contains the veilbein, the SU(2) doublet of gravitino and
the graviphoton;
2. nv vector multiplets, each contains a gauge boson, a doublet of gauginos and a com-
4
plex scalar field z;
3. nh hypermultiplets, each contains a doublet of hyperinos and 4 real scalar fields q.
Complex scalar fields zi (i = 1, 2, ..., nv) of N=2 vector multiplets can be regarded
as coordinates of a special Ka¨hler manifold of dimension nv with additional constraint on
curvature. Scalar fields qu (u = 1, ..., 4nh) of nh hypermultiplets can be considered as 4nh
coordinates of a quaternionic manifold, which is a 4nh -dimensional real manifold with a
metric huv(q). Special Ka¨hler manifold can be defined by constructing flat symplectic bundle
of dimension 2nv + 2 over Ka¨hler-Hodge manifold with symplectic section defined as
V = (LΛ,MΛ), Λ = 0, 1, ...nv , (4)
where (L,M) obey the symplectic constraint i(L¯ΛMΛ − LΛM¯Λ) = 1 and LΛ(z, z¯) and
MΛ(z, z¯) depend on scalar fields z, z¯, which are the coordinates of the “moduli space”.
LΛ and MΛ are covariantly holomorphic (with respect to Ka¨hler connection), e.g.
Dk¯L
Λ = (∂k¯ −
1
2
Kk¯)L
Λ = 0 , (5)
where K is the Ka¨hler potential. Symplectic invariant form of the Ka¨hler potential can be
found from this equation by introducing the holomorphic section (XΛ, FΛ):
LΛ = eK/2XΛ , MΛ = e
K/2FΛ , (∂k¯X
Λ = ∂k¯FΛ = 0) . (6)
The Ka¨hler potential is K = − ln i(X¯ΛFΛ − XΛF¯Λ) . The Ka¨hler metric is given by gkk¯ =
∂k∂k¯K. Finally from special geometry one finds that there exists a complex symmetric
(nv + 1)× (nv + 1) matrix NΛΣ such that
MΛ = NΛΣLΣ , ImNΛΣLΛL¯Σ = −1
2
, Di¯M¯Λ = NΛΣDi¯L¯Σ . (7)
The bosonic part of ungauged N = 2 supergravity action is given by
1
2
∫
d4x
√−g
{
−R + 2gi¯▽µ zi ▽µ z¯¯ + 2huv∇µqu∇µqv
+2(ImNΛΣFΛFΣ + ReNΛΣFΛ∗FΣ)
}
. (8)
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The kinetic term of gauge fields is defined by the period matrix NΛΣ which depends only
on scalar fields of the vector multiplets zi. The vector field action can be also rewritten
as (ImNΛΣFΛFΣ + ReNΛΣFΛ∗FΣ) = FΛ∗GΛ, where GΛ = ReNΛΣFΣ − ImNΛΣ∗FΣ. The
symplectic structure of equation of motion is manifest in terms of the Sp(2nv +2) symplectic
vector field strength (FΛ,GΛ). These vector fields in the symplectic basis decompose in the
susy basis into the vector field of the gravitational multiplet (graviphoton) and the vector
fields of the vector multiplets. The graviphoton is given by the following symplectic invariant
combination of the vector fields in the action
T =MΛFΛ − LΛGΛ .
The central charge formula (the charge of the graviphoton) for the general N=2 theories is
given by [1]
Z(z, z¯, q, p) = e
K(z,z¯)
2 (XΛ(z)qΛ − FΛ(z) pΛ) = (LΛqΛ −MΛpΛ) . (9)
The nv vector fields of the vector multiplets are given by the symplectic invariant com-
bination
F−i = gik¯(Dk¯M¯ΛFΛ −Dk¯L¯ΛGΛ) .
The equations of motion for F∗, Bianchi identity for F∗, equations of motion for zi,
equations of motion for qu, and the Einstein-Maxwell equation are:
∇µ(ImNΛΣFΣµν + ReNΛΣ∗FΣµν) ≡ ∇µ(∗GΛµν) = 0, (10)
∇µ(∗FΛµν) = 0, (11)
∇µ(gik∇µzi)− ∂kgi¯∇µzi∇µz¯ − 2∂kIm (NΛΣF+ΛF+Σ) = 0, (12)
∇µ(huw∇µqu)− ∂whuv∇µqu∇µqv = 0, (13)
Rµν + 2gi¯∇(µzi∇ν)z ¯ + 2huv∇(µqu∇ν)qv + 4ImNΛΣ(FΛµρFΣνρ − 1
4
gµνFΛσρFΣσρ) = 0. (14)
Symplectic covariant charges are defined as follows
 pΛ
qΛ

 =


∫ FΛ
∫ GΛ

 . (15)
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We will be looking for double-extreme black holes of N=2 theory with arbitrary charges
(p, q) using the following assumptions. All scalars are constant:
∂µz
i = 0 , ∂µq
u = 0 . (16)
Unbroken supersymmetry requires in this case [3,4]
F−i = 0 . (17)
We assume the standard form of the metric of supersymmetric black hole with spherical
symmetry and asymptotic flatness.
ds2 = e2Udt2 − e−2Ud~x2, U = U(r) , U → 0 as r →∞ . (18)
Our ansatz is
FΛ = e2U 2Q
Λ
r2
dt ∧ dr − 2P
Λ
r2
rdθ ∧ r sin θdφ , (19)
e−U = 1 +
M
r
. (20)
We will find that the fields FΛ solve Maxwell equation in curved spherical symmetric space-
time, with e−U harmonic and the mass is given in terms of the matrix ImN and the charges
of FΛ.
M2 = −2 ImNΛΣ (QΛQΣ + PΛPΣ) = |Z|2 . (21)
To prove this consider the Maxwell Equation for FΛ. First consider (10), the equation
of motion for FΛ. By (11) and the assumption that the moduli fields are constant, (10)
becomes
∇µ(ImNΛΣFΣµν) = 0 . (22)
We can also multiply (11) with ImN to obtain the dual of the above equation
∇µ(ImNΛΣ∗FΣµν) = 0. (23)
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Let us note that a field strength F ′ in spherically symmetric spacetime satisfying the Maxwell
equations
∇µ(F ′µν) = 0 , (24)
∇µ(∗F ′µν) = 0 , (25)
have the following solution
F ′ = 1√−g
2Q′
r2
dt ∧ dr − 2P
′
r2
rdθ ∧ r sin θdφ . (26)
Therefore, the solution to (22, 23) is
ImNΛΣFΣ = e2U 2Q
′Λ
r2
dt ∧ dr − 2P
′Λ
r2
rdθ ∧ r sin θdφ . (27)
The matrix ImN is negative definite, it can be inverted and
FΛ = e2U ImN
−1
ΛΣ 2Q
′Σ
r2
dt ∧ dr − ImN
−1
ΛΣ 2P
′Σ
r2
rdθ ∧ r sin θdφ (28)
= e2U
2QΛ
r2
dt ∧ dr − 2P
Λ
r2
rdθ ∧ r sin θdφ , (29)
which is (19), where QΛ and PΛ are the electric and magnetic charges of FΛ respectively.
Equations of motion for the hypermultiplet scalars for constant qu is satisfied without
any additional restriction. Thus black holes of Abelian theory do not seem to stabilize
the coordinates of the quaternionic manifolds. However, equations of motion for vector
multiplets moduli (12) are very restrictive when zi are constants. We are going to show that
it is satisfied with constant moduli fields taking into account that F−i = 0. When F−i = 0,
one can find [1]

F+Λ
G+Λ

 = −ieK/2T+

XΛ
FΛ

 . (30)
To solve the equation of motion (12) for z we have to consider
∂kIm (NΛΣF+ΛF+Σ) =
i
2
(∂kN ΛΣF−ΛF−Σ − ∂kNΛΣF+ΛF+Σ)
=
i
2
∂kNΛΣF−ΛF−Σ (31)
8
and take into account that NΛΣ is holomorphic (FΛ = NΛΣXΣ). Consider the complex
conjugate of it, ignoring constant factors
∂kNΣΛF+ΛF+Σ = −∂kNΣΛXΛXΣeKT+2
= −
[
∂k(NΛΣXΛ)XΣ −NΛΣ∂kXΛXΣ
]
eKT+
2
= −(∂kFΣXΣ − FΛ∂kXΛ)eKT+2
= 0 (32)
The fact that ∂kFΣX
Σ − FΛ∂kXΛ = 0 is a property of the special geometry of the moduli
space [1].
Note that although the above derivation only requires zi to be constant, it is not arbitrary.
It is because in the case of F−i = 0, we have [4] that DiZ = 12
∫ F+¯gi¯ = 0⇒∂i|Z| = 0,
where Z is the central charge – a function of (pΛ, qΛ) and z, and so z is constrained to take
the value for which when |Z| is at extremum.
Now, we are going to solve the Einstein equation (14) to obtain (20, 21).
The non-vanishing components of Rµν in the basis (dt, dr, rdθ, r sin θdφ) are
Rtt = −e4U−→∇2U , (33)
Rrr = 2U
′2 −−→∇2U , (34)
Rθθ = −−→∇2U , (35)
Rφφ = −−→∇2U , (36)
where U ′ is ∂
∂r
U and
−→∇2 is the spatial part of the Laplacian.
The energy momentum tensor for FΛ is
Tµν = − 1
2π
ImNΛΣ(FΛµαFΣαν −
1
4
gµνFΛαβFΣαβ) . (37)
To obtain Tµν , we first use (19) to calculate
FΛtαFΣαt = −
QΛQΣ
r4
e6U , (38)
FΛrαFΣαr =
QΛQΣ
r4
e2U , (39)
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FΛθαFΣαθ = −
PΛPΣ
r4
e2U , (40)
FΛφαFΣαφ = −
PΛPΣ
r4
e2U (41)
FΛαβFΣαβ = 2e
4U
r4
(PΛPΣ −QΛQΣ) . (42)
From above and (37), the non-zero components of Tµν are
Ttt =
1
4π
ImNΛΣ e
6U
r4
(PΛPΣ +QΛQΣ) , (43)
Trr = − 1
4π
ImNΛΣe
2U
r4
(PΛPΣ +QΛQΣ) , (44)
Tθθ =
1
4π
ImNΛΣ e
2U
r4
(PΛPΣ +QΛQΣ) , (45)
Tφφ =
1
4π
ImNΛΣ e
2U
r4
(PΛPΣ +QΛQΣ) . (46)
Hence, the Einstein-Maxwell equation, (14),
Rtt − 8πTtt = 0 , (47)
Rrr − 8πTrr = 0 , (48)
Rθθ − 8πTθθ = 0 , (49)
Rφφ − 8πTφφ = 0 , (50)
gives, respectively,
−→∇2U + 2ImNΛΣ e
2U
r4
(PΛPΣ +QΛQΣ) = 0 , (51)
2U ′2 −−→∇2U + 2ImNΛΣ e
2U
r4
(PΛPΣ +QΛQΣ) = 0 , (52)
−→∇2U + 2ImNΛΣ e
2U
r4
(PΛPΣ +QΛQΣ) = 0 , (53)
−→∇2U + 2ImNΛΣ e
2U
r4
(PΛPΣ +QΛQΣ) = 0 . (54)
This amounts to
−→∇2U = −2ImNΛΣ e
2U
r4
(PΛPΣ +QΛQΣ) , (55)
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and
−→∇2e−U = 0 , (56)
since (56) is equivalent to
−→∇2U − U ′2 = 0.
Therefore, from (55, 56), e−U is harmonic and has solution
e−U = 1 +
M
r
, (57)
M2 = −2 ImNΛΣ (QΛQΣ + PΛPΣ) , (58)
which was necessary to prove, as suggested in eqs. (20, 21).
When there are no vector multiplets, ImN = −1
2
by (8) and M2 reduces to P 2 + Q2,
the well known Reissner-Nordstrom solution.
Now we will show that the mass of the black hole is actually equal to the extremal value
of the central charge. For this purpose we have to rewrite our mass formula which follows
from the solution of field equations and is given in terms of P and Q charges of F ’s to the
one which employs the symplectic covariant charges (p, q), defined in eq. (15). In terms of
the charges of FΛ, 
 pΛ
qΛ

 =

 2PΛ
ReNΛΣ 2PΣ − ImNΛΣ 2QΣ

 (59)
with the inverse 
PΛ
QΛ

 = 1
2

 pΛ
(ImN−1ReN p)Λ − (ImN−1 q)Λ

 . (60)
Thus using (58) we get
M2 = −2 ImNΛΣ (QΛQΣ + PΛPΣ)
= −1
2
(
pΛ, qΛ
) (ImN + ReN ImN−1ReN )ΛΣ (−ReN ImN−1)Λ
Σ
(−ImN−1ReN )ΛΣ (ImN−1)ΛΣ



 pΣ
qΣ


= |Z|2 + |Zi|2 , (61)
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where Z is the central charge and Zi is given by −12
∫ F+¯gi¯ = 0 as F−i = 0 [1]. Hence, the
mass of the double-extreme black hole is equal to the extremal value of the central charge.
M = |Z|Zi=0 . (62)
This is in accordance with what is found in [4], in particular, (48) of [4] give the mass of
a pure magnetic black hole (P 6= 0, Q = 0) as −1
2
pΛImFΛΣpΣ, and ImFΛΣ here can be
replaced by ImNΛΣ.
Thus the double-extreme black holes have the extremal ADM mass for a given set of
(p, q) charges when there is a relation between the charges and vector multiplet moduli,
given in eq. (3).
pΛ = i(ZLΛ − ZLΛ) , qΛ = i(ZMΛ − ZMΛ) . (63)
This relation was derived in [4] from the constraint DiZ = Zi = F−i = 0 and as shown
here is required for the solution of the equations of motion and the consistency of the total
picture.
In the most general case when we have arbitrary sections (L,M) this is the best form
of a constraint between the charges and moduli, which is available. Note that the central
charge is a linear functions of (pΛ, qΛ) charges and depends on moduli as shown in eq. (9). In
principle eqs. (63) can be solved for zi in terms of (pΛ, qΛ). In what follows we will present
few examples when this constraint can be solved so that the explicit form of the complex
moduli zi in terms of charges (pΛ, qΛ) can be found.
III. AXION-DILATON DOUBLE-EXTREME BLACK HOLES
Up to this point all the results we derived hold for a general prepotential F or for a general
symplectic sections, when the prepotential is not available. In this section we consider a
special case of N=2 supergravity interacting with one vector multiplet. The prepotential is
given by F = −iX0X1, which is equivalent to N = 4 supergravity theory with two vector
12
fields. We will express the moduli z = X
1
X0
and the central charge |Z| in terms of charges pΛ
and qΛ where Λ = 0, 1and relate them to the corresponding moduli in N=4 theory.
With this prepotential, choosing the gauge X0 = 1
LΛ = eK/2XΛ = eK/2

 1
z

 , (64)
MΛ = e
K/2FΛ = −ieK/2

 z
1

 , (65)
where
eK =
1
2(z + z)
. (66)
As mentioned in the previous Section, z is constrained according to eqs. (63) which
forces z to depend on the charges. Eliminating Z we can rewrite equations (63) as
LΛqΣ − pΛMΣ = iZ(LΛMΣ − LΛMΣ) , (67)
or in matrix form and using (64, 65),
eK/2

 q0 + ip0z q1 + ip0
q0z + ip
1z q1z + ip
1

 = −ZeK

 z + z 2
2zz z + z

 . (68)
From equations of the two diagonal components we can solve for z in terms of charges:
z =
q0 − ip1
q1 − ip0 . (69)
This is consistent with equations from other components. This is the expression for z in
terms of the charges. In order to keep eK positive according to (66) one is further required
to take Rez to be equal to the absolute value of the real part of eq. (69). i.e. to |q0q1+p0p1|.
Now let us express the central charge in terms of pΛ and qΛ only. In terms of z, p
Λ and
qΛ, by (64, 65), the central charge is given by [1]
Z = LΛqΛ −MΛpΛ (70)
= eK/2
[
(q0 + ip
1) + (q1 + ip
0)z
]
. (71)
Substituting (69) and (66) we get
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Z =
(
q0q1 + p
0p1
q21 + p
02
)1/2
(q1 + ip
0) , (72)
and the mass of the double-extreme black hole is a function of charges:
M2 = |Z|2 = |q0q1 + p0p1| . (73)
Now consider the model related to this one by symplectic transformation [1]. It corre-
sponds to N=2 reduction of the SU(4) formulation of pure N=4 supergravity.
Xˆ0 = X0 , Fˆ0 = F0 , Xˆ
1 = −F1 , Fˆ1 = X1 . (74)
and for charges we have
pˆ0 = p0 , qˆ0 = q0 , pˆ
1 = −q1 , qˆ1 = p1 . (75)
Our solution for moduli becomes
z =
qˆ1 + iqˆ0
pˆ0 − ipˆ1 , (76)
and again it is required that Rez = |pˆ0qˆ1 − qˆ0pˆ1|. The double-extremal black hole mass in
this version is given by:
M2 = |Z|2 = |pˆ0qˆ1 − qˆ0pˆ1| . (77)
This coincides with the double-extreme axion-dilaton black holes in SU(4) version of N=4
supergravity [5], [6].
IV. N=2 HETEROTIC VACUA
In heterotic string vacua space-time supersymmetry comes from the right-moving sector
of the string theory. In particular, the graviton, an antisymmetric tensor, the dilaton and
2 abelian fields together with fermions constitute the vector-tensor multiplet. On shell an
antisymmetric tensor combines with the dilaton into a complex scalar, which belongs to an
14
N=2 vector multiplet. Other vector multiplets originate from the left-moving sector. The
corresponding theory can be defined in terms of a prepotential 1
F =
1
2
dABCt
AtBtC = S ηij t
itj , X0 = 1 , (78)
where
t1 = S, dABC =

 d1jk = ηjk
0 otherwise

 , A, B, C = 1, 2, . . . , n+ 1 , (79)
and
ηij = diag(+,−,− . . . ,−), i, j = 2, . . . , n+ 1. (80)
This prepotential corresponds to the product manifold SU(1,1)
U(1)
× SO(2,n)
SO(2)×SO(n)
. The SU(1,1)
U(1)
coordinate is the axion-dilaton field S. The remaining n complex moduli ti are special
coordinates of the SO(2,n)
SO(2)×SO(n)
manifold. In particular, when n = 2 we have
F =
1
2
dABCt
AtBtC =
1
2
S
[
(t2)2 − (t3)2
]
. (81)
If we introduce the notation
t2 ≡ 1
2
(T + U) , t3 ≡ 1
2
(T − U) , (82)
the prepotential becomes
F =
1
2
STU . (83)
This theory is defined by 3 complex moduli and 4 gauge groups and the corresponding
manifold is SU(1,1)
U(1)
× SO(2,2)
SO(2)×SO(2)
.
We would like to find the values of moduli of the double-extreme black holes for this
model with n = 2 as well as for the general case of arbitrary n.
Our method is to use the version of this theory which is related to the one described
above by a singular symplectic transformation [1]. This version does not have a prepotential
1We are using here notation of [2].
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and is defined in terms of a symplectic sections. To avoid complicated formulae we will not
use hats to describe this version of the theory but the sections as well as charges should not
be associated with the prepotential version above. Thus the starting point to describe the
N=2 heterotic vacua is [1]

XΛ
FΛ

 =

 XΛ
S XΛ

 , XΛXΛ ≡ X ·X = 0 , Λ = 0, 1, . . . n+ 1. (84)
The metric ηΛΣ = diag(+,+,−, . . . ,−) is used for changing the position of the indices:
XΛ = ηΛΣX
Σ. Note that XΛ are not independent and satisfy the constraint X · X = 0.
From sections one can derive K and N as follows:
K = − ln
[
i(S − S)X ·X
]
, (85)
NΛΣ = (S − S) XΛXΣ +XΛXΣ
X ·X + SηΛΣ . (86)
The Ka¨hler metric can be obtained from the second derivative of K:
gSS =
∂
∂S
∂
∂S
K =
1
(2ImS)2
, (87)
g
XΛX
Σ =
∂
∂XΛ
∂
∂X
ΣK =
1
X ·X (
XΣXΛ
X ·X − ηΛΣ) . (88)
Then the non-gravitational part of the Lagrangian is given by
L = 1
(2ImS)2
∂S∂S +
1
X ·X (
XΣXΛ
X ·X − ηΛΣ)∂X
Λ∂X
Σ
(89)
+ ImS
[
2(
XΛXΣ +XΛXΣ
X ·X )− ηΛΣ
]
FΛFΣ + ReS ηΛΣFΛ∗FΣ . (90)
Using FΛ = SXΛ in the stabilization eqs. (63) and we can bring them to the following
form
pΛ = iZeK/2XΛ − iZeK/2XΛ , (91)
qΛ = iZe
K/2SXΛ − iZeK/2S XΛ . (92)
We can contract these equations with X using the constraint X ·X = 0 and we get
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X · p = −iZeK/2X ·X , (93)
X · q = −iZeK/2S X ·X . (94)
These two equations imply
X · q = SX · p . (95)
The above equation is useful as all X · q and X · q can be expressed in terms of S X · p and
SX ·p respectively. We contract equations (91) and (92) with p and q and get the following:
p2 = iZeK/2X · p− iZeK/2X · p (96)
q · p = iZeK/2X · q − iZeK/2X · q (97)
p · q = iZeK/2SX · p− iZeK/2S X · p (98)
q2 = iZeK/2SX · q − iZeK/2S X · q (99)
Using (95) to get rid of q on the right hand sides we get:
p2 = iZeK/2X · p− iZeK/2X · p (100)
q · p = iZeK/2S X · p− iZeK/2S X · p (101)
p · q = iZeK/2S X · p− iZeK/2S X · p (102)
q2 = iZeK/2SS X · p− iZeK/2SS X · p (103)
Now, comparing eq. (100) with eq. (103) we see that it can be satisfied only if
SS =
q2
p2
. (104)
The sum of eqs. (101) and (102) can be compared with eq. (100) from which we learn that
the real part of the S-moduli is already defined in terms of charges.
S + S =
2p · q
p2
. (105)
From the above two equations we can obtain the fixed value of the axion-dilaton, which is
the moduli on SU(1,1)
U(1)
manifold:
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S =
p · q
p2
+ i
(p2q2 − (p · q)2)1/2
p2
, (106)
here the sign of ImS is chosen to be negative.
To calculate the central charge |Z| one can multiply eq. (100) on eq. (103) and subtract
the product of eqs. (102) and (101).
p2q2 − (p · q)2 = |Z|2eK(2SS − S2 − S2)X · p X · p (107)
= |Z|2eK(S − S)2|Z|2eK(X ·X)2 (108)
= |Z|4, (109)
which leads to
|Z|2 = (p2q2 − (p · q)2)1/2 , (110)
where we used (93) and the expression for eK .
The next step is to find the moduli on SO(2,n)
SO(2)×SO(n)
manifold. For this purpose we multiply
S on eq. (91) and subtract eq. (92):
SpΛ − qΛ = iZeK/2(S − S) XΛ, (111)
which leads to a beautiful equation:
XΛ
XΣ
=
SpΛ − qΛ
SpΣ − qΣ . (112)
Here S is given by
S¯ =
p · q
p2
+ i
(p2q2 − (p · q)2)1/2
p2
. (113)
Note that the ratio X
Λ
XΣ
does not give us yet the moduli since X ·X = 0. This constraint can
be solved, in particular using Calabi-Vesentini coordinates which can be identified with the
special coordinates of rigid special geometry. However for local special geometry a suitable
set of unconstrained moduli can be taken in the following form [1,2]
18
X0 = − 1
2
(1− ηij titj) , (114)
X i−1 = ti , i, j = 2, . . . , n+ 1 , (115)
Xn+1 = 1
2
(1 + ηij t
itj) . (116)
This solution of the constraints has the property that Xn+1 − X0 = 1. The solution for
moduli is
ti =
X i−1
Xn+1 −X0 =
Spi−1 − qi−1
S(pn+1 − p0)− (qn+1 − q0) . (117)
Thus the double-extreme black hole of N=2 supergravity with SU(1,1)
U(1)
× SO(2,n)
SO(2)×SO(n)
sym-
metry has the following properties. The n+1 complex vector multiplet moduli are functions
of charges:
t1= S =
p · q
p2
− i (p
2q2 − (p · q)2)1/2
p2
, (118)
ti=
Spi−1 − qi−1
S(pn+1 − p0)− (qn+1 − q0) , i = 2, . . . , n+ 1 . (119)
The mass (proportional to the area of the black hole horizon) is given by
M2 = |Z|2 = (p2q2 − (p · q)2)1/2 , (120)
and the scalars in the hypermultiplets can take arbitrary values not specified by vector field
charges.
Note that the moduli could be also rewritten as functions of the charges of the version
of the theory which has the prepotential. The explicit singular symplectic transformation
which relate those 2 set of charges is available [1,2]. It seems however that the expressions
for moduli are more complicated and will not be given here.
One can focus on a simple case of just 3 vector multiplets and SU(1,1)
U(1)
× SO(2,2)
SO(2)×SO(2)
model
with the following charges: (p0, q0), (p
1, q1), (p
2, q2), (p
3, q3) of the 4 gauge groups. The
O(2,n) scalar products are
p2 = (p0)2 + (p1)2 − (p2)2 − (p3)2 , (121)
q2 = (q0)
2 + (q1)
2 − (q2)2 − (q3)2 , (122)
p · q = (p0q0) + (p1q1) + (p2q2) + (p3q3) . (123)
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The frozen values of 3 complex moduli are
S=
p · q
p2
− i(p
2q2 − (p · q)2)1/2
p2
,
T=
S(p1 + p2)− (q1 + q2)
S(p3 − p0)− (q3 − q0) ,
U=
S(p1 − p2)− (q1 − q2)
S(p3 − p0)− (q3 − q0) . (124)
The mass of the generic extreme black holes in this class depends on charges and moduli, it
is minimal for the black holes with regular horizons and given in eq. (120) when moduli are
taking the extremal values given in eqs. (124). This accomplishes our goal of finding the
explicit form of the moduli as functions of charges for double-extreme black holes.
V. DISCUSSION
In this paper we have introduced a new concept of double-extreme black holes. They are
characterized by the regular horizon and unbroken supersymmetry and their ADM mass is
minimal for a given set of charges. The important new feature of these black holes is that
the moduli are frozen in space at the values which minimize the ADM mass. We have found
all N=2 dyonic double-extreme black holes.
The fact that the central charge of the gravitational dyons has an extremum in moduli
space at the fixed values of charges follows from unbroken supersymmetry which is doubled
near the black hole horizon [4]. However, not so many examples of the known black holes
are available to verify this theorem. The new double-extreme black holes found in this paper
for the most general coupling of N=2 supergravity to vector multiplets exhibit a relation
between charges and moduli given in eq. (3) and found before in [4]. For the most general set
of symplectic sections defining a given theory this relation, which we have called stabilization
equation, is difficult to solve. However we have solved it for the so-called tree level heterotic
N=2 vacua with arbitrary number of vector multiplets described by some of the classical
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Calabi-Yau moduli space, see eqs. (118,119). The new expressions for moduli in terms of
electric and magnetic charges have been found for arbitrary number of complex moduli, in
particular for the complex values of S, T, U moduli in SU(1,1)
U(1)
× SO(2,2)
SO(2)×SO(2)
model with 4
electric and 4 magnetic charges, see eq. (124). Those are the main new technical results of
this work.
The fact that these new solutions have been found allows some room for speculation along
the lines of “superpotential-black-hole-relation” [6]. In SU(1,1)
U(1)
× SO(2,n)
SO(2)×SO(n)
model we have
found the frozen values of moduli by solving the equations of motion for the double-extreme
black holes. Quite recently the spontaneous breaking of N=2 into N=1 supersymmetry was
studied in this model where also the hypermultiplets living on a SO(4,m)
SO(4)×SO(m)
manifold have
been gauged [7]. It would be interesting to understand the total issue of partial breaking of
supersymmetry from various points of view.
In particular, according to [8] the hypermultiplet charges originate from the expectation
values of the 2-, 4- and 10-forms of the ten-dimensional theory and are related to R-R
charges of the background. When only one type of these charges is not vanishing, as studied
in [8], this leads to new type II vacua of string theory with the potential without a stable
minimum. Only the 10-form has an expectation value < E >= ν0ǫ
(10). The corresponding
4-dimensional supersymmetric black hole has only a magnetic charge in one of the gauge
groups. Only one component of the hypermultiplet in the low-energy action acquires a
charge due to the gauging: Dµa = ∇µa + ν0A˜µ.
However, if more of the 10d forms are not vanishing, e.g. if the 2-form < G >= νi2ω
(2)
i
and/or the 4-form < F >= νi4ω
(4)
i + ν6ǫ
(4) are not vanishing, this will lead to more charges
of the hypermultiplets. The corresponding new vacua will have some stable minima at fixed
values of moduli since the corresponding functions of moduli are related to the black hole
mass as a function of moduli and black hole charges [6]. And these functions are known to
have stable minima [4] provided the corresponding supersymmetric black holes have regular
horizons.
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